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Abstract 

We show that a massive scalar field on a 2-dimensional Anti-De Sitter space 
(AdS2) can be mapped by means of a time-dependent canonical transforma- 
tion into a massless free field theory when the mass square of the field is 
equal to minus the curvature of the background metric. We also provide the 
(hidden) conformal symmetry of the massive scalar field. 
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The Liouville action 
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defined over the 2- dimensional Minkowski space, is not invariant under conformal transfor- 
mations when the field (p transforms in the usual way 
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where is a conformal Killing vector (i.e, the generator of the transformation). This 
transformation rule leaves invariant, up to a boundary term, the free field theory (A = 0). 
To achieve the symmetry transformation in the Liouville model the field must transform 
as follows 
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The Liouville field <f) can be converted by a canonical transformation into a free field ijj 
The aim of this letter is to prove that a similar construction can be made if the auto- 
interacting term in (|T]) is replaced by a mass term A^0^ and the scalar field is minimally 
coupled to a AdS2 backgroud metric [] with curvature R = — A^. However in this case the 
transformation mapping the theory into a (massless) free field theory contains an explicit 
dependence on time. This implies that the free field dynamics is generated by a Hamiltonian 
which differs from the initial one by a total derivative term in the extended phase-space. 
As a consequence of our construction the massive field theory is invariant under conformal 
transformations when the massive field transforms in an involved way which is implicitly 
defined by the equations of the canonical transformation. 

Let us consider the action of a 2-dimensional massive scalar field minimally coupled 
to a background metric g^^, 
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If we express the metric in the conformal gauge {ds^ = —e^'^dx^dx ), then we can write 
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We denote with dot derivation with respect to the time coordinate t = 
prime derivation with respect to the spatial coordinate 
form of the action becomes 
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a;+ + X ) and with 
. The hamiltonian 



Actually we will work on the universal covering space CAdS2 to avoid the problem of the 
existence of closed time- like curves, although we will use the same notation for simplicity 
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where the hamiltonian density 7i is 
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dtdx 
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By choosing the background metric to have constant curvature — we obtain 

R = Se-^^d+d-p = -A' , (8) 
which is the famihar Liouville equation with solution 



1 , d+A+d^A_ 
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where A±{x^) are arbitrary chiral functions. We fix the gauge by setting A± = x^. The 
metric with conformal factor is the AdS2 metric with negative curvature — A^ in conformal 
coordinates x^. Now the equation of motion for the field (j) is 
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It is easy to check that an arbitrary solution to this equation satisfies 

d_{e^Pd+{e-^Pd+(t)))=Q, 
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d+{e^Pd.{e^fd^(t))) = Q. 
Let us consider the equation (|ll]). The general solution is 
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where a-{x~),h±{x^) are arbitrary chiral functions. This is not, in general, a solution to 
the equation ([T0|) . However if we set 6+ = and insert (|^) into ( p!0D we can see that it is a 
solution provided 
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and then 
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A similar argument using (|T^) shows that 

1„ A^ 
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is also a solution to the equation ([T0|). Because the equation is linear the general solution is 
therefore 



^=--0,a,-a-a,) + - . (17) 

with a±(x^) arbitrary chiral functions. It is fairly well-known that the form of the general 
solution @ to the Liouville equation induces a canonical transformation between the Li- 
ouville theory and a massless free field theory [|I|. Mimicking the same procedure we can 
construct from (^) the following phase-space transformation from the variables (p, tt^ to the 
new ones a+,a_ (which are no longer chiral functions) 

1 / , , \ a.x^ — a_x~^ . 

= (< + «-) + Y ^ + ' (IS) 
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Defining 
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the transformation 0, — > ^z^, tt^ is canonical up to boundary terms. This can be seen by 
evaluating the symplectic form 



uj = j dx 5(f) /\ 5tc^ . 
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Substituting the transformation ([I8|),(p!^),(p0|) and after some computation it can be written 
as (from now on we shall omit the symbol of exterior product) 
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(^x 6a^6a'_^_ — x 6a^6a'_ — x^5a^6a'^ + x^6a^5a'_^ 
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where Ub is a boundary term. At this stage we must recall that AdS2 is not a globally 
hyperbolic space-time, that is, there is no a well-defined Cauchy problem. In order to make 
the Cauchy problem well-defined we must specify certain boundary conditions of the fields at 
spatial infinity 0. These conditions ensure that quantities like the energy of the solutions, 
the Klein-Gordon product of two solutions to the equation of motion or the symplectic form 
are conserved (independents of time). Specifically, if we impose that asymptotically a± 
behaves like 
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a±^{x^) 0<e«l Ix^l^oo, (23) 

then all the fields fall off to zero rapidly enough to make all the expressions well-defined. 
With these conditions the bulk part of a; is a convergent expression and on the other hand 
the boundary contribution Ub vanishes and then the theory is truly canonically equivalent 
to the theory of a field -0 which clearly satisfies the (massless) free field equations 

ij = 71^, TT^ = 1p" . (24) 

Because the transformation is time-dependent these equations are not derived from the 
hamiltonian density (0). To see this explicitly let us consider the following 1-form in the 
extended phase-space with coordinates ((^(x), 7r<^(x), t) 

n = J dx [n^{x)5(f){x)] - Hdt . (25) 

Under a canonical transformation to the variables {ilj{x),TT^{x),t) Q transforms in the fol- 
lowing way 

n = J dx [7r^(x)#(x)] - Hdt + 5K , (26) 

for some functionals H and K of the extended phase-space coordinates. Then the hamilto- 
nian equations of motion in terms of ip,n^ are derived from the new hamiltonian H 

V' = {^,#}p.^ = ^, (27) 



T^tp = {tt^, H}pb 
In the present case this is satisfied with 
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K is the time-dependent generating functional of the transformation given as an imphcit 
functional of the extended phase-space variables and the boundary contributions to H and 
K vanish by virtue of the boundary conditions (pS]). 
We have yet said that the massless free field action 

S = -\j (fx d^i/jd'^ij , (31) 

(and therefore the equation of motion) is invariant, up to a boundary term, under the 
transformation 



Si; = rd.ij . (32) 

if is a conformal Killing vector. The transformation (|l8l) , (|19|) , (^OD we have just con- 
structed implies that the action (^ and the equation of motion ( |T0| ) have an implicit hidden 
symmetry which depends on the coordinates 

5<f> = rd.ij + - + , , (33) 

o 1 + ^x+x 

where the variations 6a± are calculated from (|20|) with = ip and it must be understood 
that all the functions which appear in ( p3D are implicit functional of through (pr8D,(p!9D,(pO[) 
with TT^ = 0. This rather involved symmetry of the equation of motion ([T0| ) is the underlying 
reason which makes possible to find the exact solution (ITTp. 



We can understand better the presence of a conformal symmetry in this theory with the 
following argument. Let us consider the Jackiw-Teitelboim action |3] 



S 



j dPx^/^[R+X^](l) . (34) 



In this action both the metric and the dilaton are dynamical fields, so the theory is generi- 
cally covariant. In conformal gauge, the unconstrained equations of motion are precisely the 
Liouville equation (^) and the equation for the massive scalar field (|T^). Both equations are 
invariant under conformal transformations when cj) behaves as a scalar (0) and p transforms 
as in (^. Now if we consider the metric to be a fixed background metric solution to the Liou- 
ville equation (|^), then the equation (0) still maintains the conformal invariance but now p 
remains fixed and inherits a peculiar transformation law under conformal transformations 
which is just the one we have described in this letter. 

Finally we would like to point out that when we approach to the boundary of the space- 
time oo the solution ([T7|) behaves like 



0=-i(9+a+-9_a_) + ^- — , (35) 
2 x+ x^ 

that is, like a free field which has a simple relation with -0. So there is a hidden conformal 
structure in the theory which becomes clear when we approach to the boundary. It would 
be interesting to see the possible connection of this with the correspondence between field 
theories in AdS^+i and d-dimensional conformal field theories on the boundary These 
questions will be considered in future research. 
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